This work provides a semi-analytical formulation that oversees the details of the rotational, steady, inviscid, compressible motion in a solid rocket motor. By assuming a slender porous chamber, the method that we follow reduces the problem's mass, momentum, energy, ideal gas, and isentropic relations into a single integral equation that can be solved numerically. Furthermore, the dependence of the sidewall mass injection on the pressure inside the chamber is introduced by the use of Saint-Robert's power law. At first, the analysis overcomes some of the deficiencies encountered in previous work on the subject. 
II. Mathematical Model

A. Geometry
The domain under investigation extends horizontally from 0  x to 0  xL , and vertically from the center axis to the wall, where the top and bottom plates may be viewed as symmetrical porous sidewalls across which flow is injected at a velocity () w Ux . A schematic diagram of the planar problem is given in Fig. 1 .
B. Formulation
A solid rocket motor can be modeled as a slender, elongated chamber with sidewall injection. Under the assumption of low chamber aspect ratio, 
Note that the chamber's low aspect ratio has resulted in the dismissal of the pressure variations in the y direction. Furthermore, the gas is assumed to be ideal with a constant 
The term that appears between parentheses stems from the left-hand-side of the momentum equation. One can substitute Eqs. (2) and (5) into Eq. (6) to produce 1 0
Then, inserting Figure 1 . Schematic diagram of a slender porous chamber.
Since the material derivative vanishes in Eq. (8) , it is clear that  remains constant along a streamline.
C. Boundary Conditions
The physical requirements of the problem are used to define a consistent set of boundary conditions. These are:
(no slip at sidewall) 0 0 (no headwall injection) (normal sidewall injection) 0 0 (no cross-flow at the centerline)
We note that the injection velocity and the temperature at the sidewall are functions of x . In general, they may be permitted to vary with x , the longitudinal distance measured from the headwall.
D. Streamfunction Transformation
For planar motions, the streamfunction may be written as
As for  , the isentropic pressure-temperature relation, its value along any streamline may be set equal to its value at the sidewall. This enables us to write
Given that all streamlines are initiated at the injecting walls, Eq. (10) may be evaluated at  ya . Then using the ideal gas expression for the density, subsequent integration in the x -direction yields
At this point, one may recognize that there exists a unique value of  associated with a given  , the distance from the headwall to the tip of a streamline taken at the sidewall. At the outset, the independent variables may be
. When this pair is substituted into Eqs. (11) and (12), we get
Equation (13) can be readily substituted into Eq. (10) and integrated in the normal direction. This allows us to extract the coordinate y associated with a given position x and the streamline emanating from an arbitrary position  at the sidewall. We thus retrieve
To express y in terms of the pressure only, Eqs. (14) and (15) 
E. Integral Formulation with No Pressure Dependence
To simplify the analysis, three dimensionless variables () PX , X and  may be introduced. These are defined by
The above expressions may be inserted into Eqs. (17) and (18) to obtain
F. Integral Formulation with Pressure Dependence
One can link the mass flux at the wall, 
where the right-hand-side expression takes advantage of the isentropic identity realized through Eq. (15). 
G. Numerical Procedure
To overcome endpoint singularities, the above integral may be split into three parts. This decomposition is intended to segregate the leftmost and rightmost cell intervals as labeled below:
In the region near  i PP , the first integrand may be approximated by
This expression may be evaluated differently based on the value of n . We find 0:
To compute the second integral, the trapezoidal rule may be used viz.
where
In the third integral, X remains small. Consequently,
 
PX may be suitably expanded using a polynomial of the form 
III. Results and Discussion
When considering the flow motion in planar porous chambers, one may consider Maicke and Majdalani 19 who were the first to construct a closed-form solution for the two-dimensional problem. Using techniques similar to the ones applied to the cylindrical case, 18 they introduced compact expressions that describe the mean flowfield in a porous duct extending from the headwall to the point where fully-choked conditions are reached. For the reader's convenience, the Maicke-Majdalani model may be summarized by enumerating its key components. These are: 
Another analytical solution found in the literature corresponds to a historical one-dimensional model revisited by Gany and Aharon. 20 The relation in question applies to an isentropic flow with the underlying assumption that the instantaneous burning rate remains uniform along the grain, thus leading to a constant mass flux at the simulated propellant surface. The ensuing one-dimensional Mach number, pressure, and temperature may be expressed as 
Concerning the calculation of the critical distance, our computation of s L leads to a sonic length that matches, within 7%, the value predicted by Eq. (45). On this note, it should be borne in mind that, according to Majdalani, 18 the critical length denotes, in the classic sense, the distance from the headwall to the point at which the centerline velocity first reaches the speed of sound. At that station, the area-averaged Mach number would not have reached unity yet. However, in order to reconcile with one-dimensional predictions (in which values are essentially areaaveraged at a given axial station) a new definition is warranted, namely that of an area-averaged critical length, Figs. 2a and 2b , respectively. The improved agreement between the one-dimensional expression and our model is justified by virtue of their similar boundary conditions, including the specification of uniform mass flux at the sidewall. Also shown on the figure are experimental data points acquired by Traineau et al. 9 These researchers have considered the planar chamber with uniformly distributed mass addition. At first glance, it may be surprising to note the improved agreement that stands between experimental measurements and the one-dimensional model. This may be attributed to the dismissal of viscous effects and other sources of damping and irreversibilities that reduce the conversion of thermal energy to kinetic motion, thus building up the pressure in the chamber. Unlike the two dimensional model in which friction leads to additional increments in irreversibilities, the one-dimensional model appears to be less susceptible to these discrepancies due to its mass injection being fundamentally axial. Figures 2c-d display the results for the 1  n case. The present solution seems to display excellent agreement with the analytical relations by Maicke and Majdalani. 19 The slight disparity around the choking region may be connected to the linear approximations used in the numerical procedure. These approximations may deteriorate as the critical distance is approached.
The evolution of the axial velocity profile throughout the chamber is illustrated in Fig. 3 along with the 2D analytical solution by Maicke and Majdalani. 19 As expected, the results demonstrate similar trends as the flow travels downstream. Compared to the incompressible Taylor solution, the compressible profiles display a steepening effect that is accompanied by higher velocity gradients near the wall. This steepening is also reflected in the experimental data collected by Traineau et al. Majdalani, 19 and experimental data taken from Traineau et al. 9 with the two-dimensional analytical predictions for comparison. The models appear to be in fairly good agreement over the entire chamber, with dissimilarity around the choking region. Note that the flow hits 1  M at a curved line rather than a point. For that reason, we delineate choking to occur when the area-averaged Mach number reaches unity. Figure 6 , being plotted versus   / s xL , will remain the same if plotted for different values of wall Mach number. This is due to the geometric self-similarity with respect to  .
IV. Conclusions
In this study, an integral formulation for compressible gas motion in a porous chamber is reconstructed and compared to one-and two-dimensional analytical approximations obtained under isentropic flow conditions. Unsurprisingly, the level of agreement is found to be commensurate with the sidewall boundary conditions associated with each of these models. In all cases, the main discrepancies occur near the sonic point and may be attributed to the various forms of approximations and linearization befalling the integral approach. The present investigation helps to confirm the theory introduced previously by Majdalani, 18 namely, the self-similarity with respect to the critical length. The study also confirms the steepening of velocity profiles and increased gradients at the sidewall due to compressibility. The technique presented here offers a key advantage in its ability to accommodate any sidewall injection or temperature profile, which could be later used to better mimic the propellant burning processes. On the other hand, the approach requires piecewise numerical integrations, sequential inversions, and backward transformations to retrieve the original variables of interest. This procedure may render the technique laborious compared to the simplicity with which the fully analytical models may be implemented and resolved. Nonetheless, it remains more general and, once programmed, may entertain a variety of injection patterns that may be prescribed by the problem under investigation.
